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Abstract
Let CSK be the class of all K-scattered spaces having countable ranks. It is shown in this paper
that if X is a regular θ-refinable space, then player one has a winning strategy in G(DK,X) if
and only if he has one in G(CSK,X). This partly answers Y. Yajima’s problem: By topological
games, I prove that hereditary disconnectedness, zero-dimensionality and strong zero-dimensionality
are equivalent in the realm of non-empty normal compact-scattered weak θ-refinable spaces.
A collectionwise normal ultraparacompact-like space is an ultraparacompact space.
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Introduction
Each space considered here is a regular T1 topological space. Throughout this paper
K denotes a class of spaces which are hereditary with respect to closed subspaces. For
a topological space X, 2X denotes the family of all closed subsets of X. If X ∈ K , then
2X ⊂ K . In this paper, we assume that ∅ ∈ K . For example, C denotes the class of all
compact spaces. 1 is the class of all one point spaces and the empty set. We need no
other assumptions about K . DK,FK,LK and SK denote the class of all spaces which
are discrete unions of spaces from K , finite unions of spaces from K , locally K and
K-scattered, respectively. For example, if X ∈DK , then X =⋃F , where F is a discrete
closed cover of X, and F ∈K for each F ∈ F ; If X ∈ FK , then X =⋃F ,F is a finite
family of X, and F ∈ 2X ∩K for each F ∈ F ; If X ∈ LK , then for any x ∈ X, there is
E-mail address: lxuepeng@263.net.cn (L.-X. Peng).
0166-8641/$ – see front matter  2003 Elsevier B.V. All rights reserved.
doi:10.1016/S0166-8641(03)00136-6
74 L.-X. Peng / Topology and its Applications 135 (2004) 73–85
some open set Vx , such x ∈ Vx, Vx ∈ K ; If X ∈ SK , then X is a K-scattered space (cf.
Definition 2). The topological game G(K,X) was introduced and studied by R. Telgársky
in 1975. Recall from [10] that a space X is said to be K-like if player one has a winning
strategy in G(K,X). The K-like properties of some spaces have been studied by many
topologists (see [10,12,11] etc.). In [11], Yajima proved that if X is a subparacompact and
SK-like space, then X is a DK-like space. In that paper he also proved that X is a DK-
like space, if X is a θ -refinableLK-like space. He raised the following problem in [12,11]:
Let X be a regular θ -refinable SK-like space, Is X a DK-like space? Let CSK denote the
class of K-scattered spaces which have countable ranks. In this note, we prove that X is a
DK-like space, if X is a θ -refinable CSK-like space.
The conclusions in dimension theory can be found in [4,3]. Weak θ -refinable spaces
appeared in [8]. We know that every compact space is a C-scattered space, and every
paracompact space is metacompact, hence is a weak θ -refinable space. It was showed
that hereditary disconnectedness, zero-dimensionality and strong zero-dimensionality are
equivalent in the realm of non-empty locally compact paracompact spaces (cf. [3]). In this
note, this conclusion of [3] is generalized. I prove that hereditary disconnectedness, zero-
dimensionality and strong zero-dimensionality are equivalent in the realm of non-empty
normal compact-scattered weak θ -refinable spaces.
Let Dimn denote the class of all normal spaces with covering dimension  n. Note
that X ∈ Dimn implies 2X ⊂ Dimn. In [12], Telgársky and Yajima showed that if X is a
Dimn-like space, then dimX  n. So we know that if X is a regular 1-like space, then
X satisfies dimX = 0. Then we have the following questions: If X is a regular 1-like
space, does X satisfy every open cover of X has a pairwise disjoint open refinement?
That is to say whether every regular 1-like space is ultraparacompact. Moreover, we want
to know: Is every collectionwise normal ultraparacompact-like space ultraparacompact?
In this note, these questions are answered positively. As a corollary, we have that every
regular countable space is ultraparacompact.
The set of all natural numbers is denoted by N and natural numbers are denoted by
n,m, i, j, k, etc. ω = N ∪ {0}. ω1 is the first uncountable ordinal. For a collection U of
subsets of X,
⋃U denotes ⋃{U : U ∈ U}.
1. About θ -refinable SK-like spaces
Definition 1. K-like space (cf. [10,12]).
A sequence (En: n ∈ ω) of subsets of a space X is a play of G(K,X) if E0 = X and
for each n ∈ ω:
(1) E2n+1 is the choice of player one,
(2) E2n+2 is the choice of player two,
(3) E2n+1 ∈K ,
(4) En ∈ 2X,
(5) E2n+1 ⊂E2n,
(6) E2n+2 ⊂E2n,
(7) E2n+2 ∩E2n+1 = ∅.
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The player one wins if
⋂{E2n: n ∈ ω} = ∅.A finite sequence (Em: m  n) is admissible for G(K,X) if E0,E1, . . . ,En satisfy
the above conditions (1)–(7) and E0 = X. A function s is a strategy for player one
if the domain of s consists of admissible sequences (E0, . . . ,En) with n even, and if
En+1 = s(E0, . . . ,En), then (E0, . . . ,En+1) is admissible for G(K,X). The strategy s
is a winning strategy of player one if it wins every play (E0,E1, . . .) of G(K,X), where
E2n+1 = s(E0,E1, . . . ,E2n), n ∈ ω.
I (K,X) is the set of all winning strategies of player one. X is a K-like space, if
I (K,X) 
= ∅ (cf. [10]).
The following definition which appeared in [12,11] is equivalent to the definition of
K-like space:
A sequence (F0,E1,F1,E2,F2, . . .) of closed sets in X is a play of G(K,X) if F0 =X
and for each n ∈ ω:
(1) En is the choice of player one,
(2) Fn is the choice of player two,
(3) En ∈K ,
(4) En+1 ⊂ Fn,
(5) Fn+1 ⊂ Fn,
(6) En ∩ Fn = ∅.
Player one wins this play if
⋂{Fn: n ∈N} = ∅.
A finite sequence (F0,E1,F1, . . . ,En,Fn) of closed sets in X is said to be admissible
for G(K,X) if each Ei and Fi satisfy the above conditions (1)–(6) for each 1 i  n and
F0 =X.
A function s is said to be a strategy for player one in G(K,X) if the domain of s
consists of all the finite sequence (F0,F1, . . . ,Fn) of closed sets in X such that F0 =X and
(E1,F1, . . . ,En,Fn) is admissible for G(K,X), where Ei = s(F0, . . . ,Fi−1) ∈ 2X ∩K ,
and contained in Fi for each 1 i  n.
A strategy s of player one in G(K,X) is said to be winning if he wins each play
(F0,E1,F1,E2,F2, . . .) such that En = s(F0,E1,F1, . . . ,Fn−1) for each n <∞, where
F0 =X, and (F0,F1, . . . ,Fn−1,En) is admissible for G(K,X).
A function s from 2X into 2X ∩ K is called a stationary strategy for player one in
G(K,X) if s(F ) ⊂ F for each F ∈ 2X . We say that the strategy s is winning if he wins
every play (X, s(X),F1, s(F1),F2, s(F2), . . .). That is, a function s from 2X into 2X ∩K
is a stationary winning strategy for player one in G(K,X) if and only if it satisfies
(i) s(F )⊂ F for each F ∈ 2X , and
(ii) if {Fn: n 1} ⊂ 2X satisfies that s(X)∩F1 = ∅ and s(Fn)∩Fn+1 = ∅ for each n 1,
then
⋂{Fn: n 1} = ∅ (cf. [12]).
In [5], Galvin and Telgársky proved that player one has a winning strategy in G(K,X)
if and only if he has a stationary winning strategy in it.
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Definition 2 [9]. A space X is a K-scattered space, if for any non-empty closed subset F
of X, there is some x ∈ F and an open neighborhood Vx of x , such that Vx ∩ F ∈K (we
say that the point x has a K nbd in F ).
Let X be a space. For each F ∈ 2X, let F ∗ = {x: x has no K nbd in F }. Let
X(0) = X and X(α+1) = (X(α))∗ for each ordinal α. If λ is a limit ordinal, then let
Xλ =⋂{X(α): α < λ}. For any K-scattered space X, there is some ordinal α such that
X(α) = ∅. So we define rank(X)= inf{α: X(α) = ∅}. If rank(X)= α + 1 for some ordinal
α, then X(α) ∈ LK ∩ 2X , in this case, we put top(X) = X(α) (cf. [9]). If X ∈ LK , then
rank(X)= 1. If X = ∅, then rank(X)= 0.
Definition 3. θ -refinable space (cf. [2]): X is θ -refinable if for any open cover U of X there
is an open refinement V =⋃{Vn: n ∈N} such that:
(1) For any n ∈N , Vn is a cover of X;
(2) For any x ∈ X there is some n ∈ N such that ord(x,Vn) < ω (ord(x,Vn) = |{V : x ∈
V ∈ Vn}|)
V =⋃{Vn: n ∈N} is called a θ -refinement of U .
Lemma 1 [10]. X is a K-like space iff X is a FK-like space.
Lemma 2 [11]. If X is a θ -refinableLK-like space, then X is a DK-like space.
Lemma 3. Let U = {Uλ: λ < η} be an open cover of X and Xn = {x ∈X: ord(x,U) n},
n ∈ N . Then Xn is a closed subset of X and Fn = {E(λ1, . . . , λn): λ1 < · · ·< λn < η} is
a discrete (clopen) cover of Xn \Xn−1 for each n  1, where E(λ1, . . . , λn) =⋂{Uλi ∩
(Xn \Xn−1): i  n}, X0 = ∅.
The proof of Lemma 3 is same as the proof of [4, Lemma 3.5.9]. If U is a point finite
open cover of X, then X =⋃{Xn: n ∈N}, where Xn is defined in Lemma 3.
Lemma 4. If X is a θ -refinable space, and U is a countable open cover of X, that is
U = {Uα : α < η} for some η < ω1, then there are closed subsets Fnα, n ∈N, α < η, such
that X =⋃{Fnα : n ∈N, α < η} and Fnα ⊂⋃{Ur : r  α}, n ∈N, α < η.
Proof. Let V ′α =
⋃{Ur : r  α}, α < η. Then X =⋃{V ′α: α < η}. So there is a sequence
{Vn: n ∈N} of open covers of X, satisfying:
(1) Vn is a refinement of
⋃{V ′α: α < η}, n ∈N .
(2) For any x ∈X, there is n ∈N , such that ord(x,Vn) < ω.
For each n ∈N, α < η, let Vnα =⋃{V : V ∈ Vn, V ⊂ V ′α, V 
⊂ V ′r , r < α}. Then Vnα
is an open set of X. Let V ′n = {Vnα : α < η}. So
⋃V ′n = X, n ∈ N . If ord(x,Vn) < ω for
x ∈X, then ord(x,V ′n) ord(x,Vn) < ω. Let us denote Fnα =X \
⋃{Vnr : r > α, r < η}.
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So Fnα is a closed subset of X and Fnα ⊂⋃{Vnr : r  α} ⊂⋃{V ′r : r  α} =
⋃{Ur : r α}.
For any x ∈X, there is some n ∈N , such that ord(x,Vn) < ω. So ord(x,V ′n) < ω. Then
there is α < η such that x /∈ Vnr for each r > α. Thus x ∈X \⋃{Vnr : r > α} = Fnα . ✷
Lemma 5. If X is a θ -refinable space, E1 is a closed K-scattered subspace of X,
rank(E1) = β , β is a countable ordinal, then X = ⋃{B∗n : n ∈ N}, such that B∗n is a
closed subset of X, and Bn = B∗n ∩ E1, rank(Bn) = αn + 1 for some ordinal αn < β or
rank(Bn)= 0.
Proof. We need only to prove the case of rank(E1) = β is a countable limit ordinal. If
rank(E1) = β , β is a limit ordinal and β < ω1, then ⋂{E(α)1 : α < β} = ∅. Thus X =⋃{X \ E(α)1 : α < β}. By Lemma 4, we have a closed family F = {Fnα : n ∈N, α < β},
such that X =⋃F , and Fnα ⊂X \E(α)1 for each n ∈ N, α < β . Thus rank(Fnα ∩E1)
α < β . If rank(Fnα ∩ E1) = r is a countable limit ordinal, we repeat what we have done
in Fnα . Since we use at most countably many steps, we get a countable closed cover F
of X, where F = {B∗n : n ∈ N}, B∗n is a closed subset of X, Bn = B∗n ∩ E1. If Bn 
= ∅,
then rank(Bn)= αn + 1 for some ordinal αn < β , otherwise rank(Bn)= 0. Thus we have
proved the lemma. ✷
To prove the following Theorem 1, we denote by N∗ the set of all finite sequences
of positive integers. For each e = 〈n1, . . . , nk〉 ∈ N∗, let ∑ e = n1 + · · · + nk and e−1 =
〈n1, . . . , nk−1〉, l(e)= k, e⊕ n= 〈n1, . . . , nk, n〉, e(i)= ni, 1 i  k.
Theorem 1. If X is a θ -refinable CSK-like space, then X is a DK-like space.
Proof. We need only to prove that X is a FLK-like space by Lemmas 1 and 2. Let
s ∈ I (CSK,X), and s be a stationary winning strategy of player one in G(CSK,X).
We will define a strategy t of player one, such that t ∈ I (FLK,X).
We let F0 = B0 = X, E1 = s(F0) = s(X). So E1 ∈ CSK . Thus X = ⋃{F(0,m):
m ∈N} by Lemma 5, where F(0,m) is a closed subset of X. Let F(0,m)∩E1 =E(1,m),
then rank(E(1,m))= α(1,m)+ 1 for some ordinal α(1,m), or rank(E(1,m))= 0.
Let
A1 =
{
E(1,1)
}=
{
E(1, e):
∑
e= 1, l(e)= 1, e ∈N∗
}
, |A1| = 1.
Let
A1 = top
(
E(1,1)
)
.
So we have A1 ∈ FLK . We let t (B0) = A1. For any closed subset B1 ∈ 2X, if
(B0,A1,B1) is admissible for G(FLK,X), then we will define t (B0,B1). We let
B1 ∩ F(0,1)= F(1,1). If B1 ∩ E(1,1) 
= ∅, then let E(2,1)= B1 ∩ E(1,1), otherwise
E(2,1)= s(F (1,1))⊂ F(1,1). We know that B1 ∩A1 = ∅. So we have rank(E(2,1)) <
rank(E(1,1)), if B1 ∩ E(1,1) 
= ∅. We know E(2,1) ∈ CSK , E(2,1) ⊂ F(1,1),
then F(1,1) =⋃{F(1,1m): m ∈ N} by Lemma 5, where F(1,1m) ∈ 2X,F (1,1m) ∩
E(2,1)=E(2,1m) and rank(E(2,1m)) is a successor ordinal or zero.
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LetA2 =
{
E(2,11),E(1,2)
}
=
{
E(i, e):
∑
e= 2, l(e)= i, 1 i  2, e ∈N∗
}
, |A2| 2.
Let
A2 = t (B0,B1)= top
(
E(2,11)
)∪ (top(E(1,2))∩B1
) ∈ FLK .
To assist the reader, I will give t (B0,B1,B2), if (B0,A1,B1,A2,B2) is admissible for
G(FLK,X), where B2 ∈ 2X.
We let B2 ∩ F(1,11) = F(2,11) and B2 ∩ F(0,2) = F(1,2) (F(2,11) and F(1,2)
may be empty sets). If B2 ∩ E(2,11) 
= ∅, then we let E(3,11) = B2 ∩ E(2,11),
otherwise E(3,11) = s(F (2,11)) ⊂ F(2,11). In case of B2 ∩ E(2,11) 
= ∅, we have
rank(E(3,11)) < rank(E(2,11)), it follows that B2 ∩ A2 = ∅. If B2 ∩ E(1,2) 
= ∅, then
we let E(2,2) = B2 ∩ E(1,2), otherwise E(2,2) = s(F (1,2)) ⊂ F(1,2). In case of
B2 ∩ E(1,2) 
= ∅, we have rank(E(2,2)) < rank(E(1,2)), it follows that B2 ∩ A2 = ∅.
Since E(3,11) ∈ CSK , E(2,2) ∈ CSK , and E(3,11)⊂ F(2,11),E(2,2)⊂ F(1,2). We
have F(2,11) =⋃{F(2,11m): m ∈ N}, F(1,2) =⋃{F(1,2m): m ∈ N} by Lemma 5,
where F(2,11m) and F(1,2m) are closed subsets of X. We denote by E(3,11m) =
E(3,11)∩ F(2,11m), and E(2,2m)= E(2,2)∩ F(1,2m). Thus the ranks of E(3,11m)
and E(2,2m) are successor ordinals or zero.
Let
A3 =
{
E(3,111),E(2,12),E(2,21),E(1,3)
}
=
{
E(i, e):
∑
e= 3, l(e)= i, 1 i  3, e ∈N∗
}
=
⋃{{
E(i + 1, e⊕ 1)}∪ {E(i, (e−1)⊕
(
e(i)+ 1))}: E(i, e) ∈A2
}
,
|A3| 4.
Let
A3 = t (B0,B1,B2)= top
(
E(3,111)
)∪ (top(E(2,12))∩B2
)
∪ (top(E(2,21))∩B2
)∪ (top(E(1,3))∩B2
)
.
Thus A3 ∈ FLK .
Suppose (B0,A1,B1, . . . ,B(n−1),An) is admissible for G(FLK,X), n  3, and we
have
Ai =
{
E(j, e):
∑
e= i, l(e)= j, 1 j  i, e ∈N∗
}
,
|Ai | 2(i−1), 2 i  n,
Ai = t (B0,B1, . . . ,Bi−1)
=
⋃{{
top
(
E(j + 1, e⊕ 1))}
∪ {top(E(j, (e−1)⊕
(
e(j)+ 1)))∩B(i−1)
}
: E(j, e) ∈A(i−1)
}
.
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For any E(j, e) ∈ A(i−1), E(j, e) ⊂ F(j − 1, e), Bi−1 ∩ F(j − 1, e) = F(j, e). If
B(i−1) ∩ E(j, e) 
= ∅, then E(j + 1, e) = B(i−1) ∩ E(j, e), otherwise E(j + 1, e) =
s(F (j, e)). In case of E(j, e)∩B(i−1) 
= ∅, we have rank(E(j + 1, e)) < rank(E(j, e)).
For any Bn ∈ 2X, if (B0,A1,B1, . . . ,An,Bn) is admissible for G(FLK,X), then
we will define t (B0,B1, . . . ,Bn). Since Bn ⊂ B(n−1),Bn ∩ An = ∅, we have Bn ∩
top(E(j, e))= ∅ for each E(j, e) ∈ An. If Bn ∩ E(j, e) 
= ∅, then we let E(j + 1, e) =
Bn ∩E(j, e), otherwise let E(j + 1, e)= s(F (j, e)). In case of Bn ∩E(j, e) 
= ∅, we have
rank(E(j + 1, e)) < rank(E(j, e)).
Let
A(n+1) =
⋃{{
E(j + 1, e⊕ 1)}∪ {E(j, (e−1)⊕
(
e(j)+ 1))}: E(j, e) ∈An
}
.
For each E(j, e) ∈ An, ∑ e = n, l(e) = j . So ∑(e ⊕ 1) = n + 1, l(e ⊕ 1) = j + 1,∑
((e−1)⊕ (e(j)+ 1))= n+ 1, l((e−1)⊕ (e(j)+ 1))= j .
Thus
A(n+1) =
{
E(j, e):
∑
e= n+ 1, l(e)= j, 1 j  n+ 1, e ∈N∗
}
,
∣∣A(n+1)
∣∣ 2n.
A(n+1) =
⋃{{
top
(
E(j + 1, e⊕ 1))}
∪ {top(E(j, (e−1)⊕
(
e(j)+ 1)))∩Bn
}
: E(j, e) ∈An
}
.
So we have A(n+1) ∈ FLK . Then we define t (B0,B1, . . . ,Bn)=A(n+1).
For any play (B0,A1,B1, . . . ,An,Bn, . . .) of G(FLK,X), satisfying that A(n+1) =
t (B0,B1, . . .Bn). We will show that
⋂{Bn: n ∈ ω} = ∅.
Suppose there is some x ∈⋂{Bn: n ∈ ω}. Thus x ∈B0 =X, and s(X) ∈ CSK , then X
is union of a countable closed cover F0. For each F ∈F0, rank(F ∩ s(X)) < rank(s(X)),
where s(X) = E1. Then there is some F ∈ F0, such that x ∈ F . We may assume that
F = F(0,m),F ∩ s(X) = E(1,m) ⊂ F(0,m). Thus x ∈ F(0,m) ∩ Bm = F(1,m). If
Bm ∩ E(1,m) 
= ∅, then let E(2,m) = Bm ∩ E(1,m), otherwise E(2,m) = s(F (1,m)).
From what we have done we know that top(E(1,m)) ∩ B(m−1) ⊂ Am, Bm ∩ Am = ∅, so
Bm ∩ top(E(1,m))= ∅. Thus in case of Bm ∩E(1,m) 
= ∅, we have that rank(E(2,m))=
rank(Bm ∩E(1,m)) < rank(E(1,m)), and E(2,m)⊂E1.
So we get a finite sequence (F0,E1,F (1,m),E(2,m)) of decreasing closed sets which
satisfies that
E1 = s(F0), E(2,m)= s
(
F(1,m)
)
or
rank
(
E(2,m)
)
< rank(E1) and E(2,m)⊂E1,
and x ∈ F(1,m).
In any case, we have E(2,m) ⊂ F(1,m),E(2,m) ∈ CSK . By Lemma 5, F(1,m) is
union of a countable closed familyF1, and rank(F ∩E(2,m)) is a successor ordinal or zero
for each F ∈ F1. Then there is a F ∈ F2, such that x ∈ F . We denote by F(1,mn)= F .
F(1,mn) ∩ E(2,m) = E(2,mn) ⊂ F(1,mn). rank(E(2,mn)) is a successor ordinal or
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zero. Thus x ∈ F(1,mn) ∩ B(m+n) = F(2,mn). top(E(2,mn)) ∩ B(m+n−1) ⊂ A(m+n).
Thus B(m+n) ∩ top(E(2,mn)) = ∅. Let B(m+n) ∩ F(1,mn) = F(2,mn). If B(m+n) ∩
E(2,mn) 
= ∅, then let E(3,mn)=E(2,mn)∩B(m+n), otherwise E(3,mn)= s(F (2, n)).
In case of B(m+n) ∩ E(2,mn) 
= ∅, we have that rank(E(3,mn)) < rank(E(2,mn)), and
E(3,mn)⊂E(2,mn).
So we have a finite decreasing closed sequence
(
F0,E1,F (1,m),E(2,m),F (2,mn),E(3,mn)
)
,
which satisfies the following conditions:
• E(3,mn) ⊂ E(2,m) and rank(E(3,mn)) < rank(E(2,m)), or E(3,mn) = s(F (2,
mn)).
• rank(E(2,m)) < rank(E1) and E(2,m)⊂E1, or E(2,m)= s(F (1,m)).
• x ∈ F(1,m)∩F(2,mn).
In this way, we can get a decreasing closed sequence
(
F0,E1,F (1, e1),E(2, e1), . . . ,F (n, en),E(n+ 1, en), . . .
)
,
which satisfies the following conditions: for each n ∈N
• (e(n+1))−1 = en, l(en)= n, 1 n.
• rank(E(n+1, en)) < rank(E(n, e(n−1))) and E(n+1, en)⊂E(n, e(n−1)), or E(n+1,
en)= s(F (n, en)).
• x ∈⋂{F(n, en): n ∈N}.
It is impossible that there is some j ∈ N , such that rank(E(n + 1, en)) < rank(E(n,
e(n−1)) and E(n + 1, en) ⊂ E(n, e(n−1)) for each n > j . Then for each k ∈ N , there is
some nk ∈N , such that E(nk + 1, enk )= s(F (nk, enk )), and we may assume nk < n(k+1).
Thus we get a play (F0, s(F0), . . . ,F (nk, enk ), s(F (nk, enk )), . . .) of G(CSK,X),
where s(F (nk, enk ))= E(nk + 1, enk ). s is a stationary winning strategy of player one in
G(CSK,X). Then
⋂{F(nk, enk ): k ∈ N} = ∅, which contradicts x ∈
⋂{F(nk, enk ): k ∈
N}.
From what we have shown we know that
⋂{Bn: n ∈ N} = ∅. Thus player one has a
winning strategy t ∈ I (FLK,X). Then X is a LK-like space by Lemma 1. So X is a
DK-like space by Lemma 2. ✷
Corollary 1. If X is a metacompact (θ -refinable) K-scattered space and rank(X) is
countable, then X is a DK-like space.
2. About dimension theory
Definition 4 [3]. A topological space X is called hereditary disconnected if X does not
contain any connected subsets of cardinality larger than one.
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Definition 5 [3]. A topological space X is called zero-dimensional if X is a non-empty
space and has a base consisting of open-and-closed sets.
Definition 6 [3]. A topological space X is called strong zero-dimensional if X is a
Tychonoff space and every finite functionally open cover {Ui : i  k} of space X has a
finite open refinement {Vi : i m} such that Vi ∩ Vj = ∅, i 
= j .
From [3], we know that every strong zero-dimensional space is a zero-dimensional
space, and every zero-dimensional space is a hereditarily disconnected space.
Definition 7 [3]. For a normal space X, we say that dimX  n (the covering dimension
 n), if every finite open cover U of X has an (finite) open refinement V such that
ord(x,V) n+ 1 for any x ∈X.
K is a class of spaces. If K satisfies the following three properties, then we say that K
satisfies (∗)
(1) X ∈K , 2X ⊂K ;
(2) DK =K ;
(3) If X is a K-like space, then X ∈K .
Let (X,T ) be a topological space, if φ :X→ T is a function, such that x ∈ φ(x) for
all x ∈ X, then φ is called a neighborhood assignment of X. If for any neighborhood
assignment φ of X, there is a discrete closed subset D of X, such that
⋃{φ(x): x ∈D} =
X, then X is called a D-space (cf. [1]). Let D denote the class of all D-spaces. Then D
satisfies (∗) (cf. [7]). Dimn satisfies (∗) (cf. [12,3]).
Definition 8 [8]. A space X is called weak θ -refinable if for any open cover U of X there
is an open refinement
⋃{Gi : i ∈N} satisfying:
(1) {⋃Gi : i ∈N} is point-finite.
(2) For any x ∈X, there is some i ∈N , such that 1 ord(x,Gi ) <∞.
We call
⋃{Gi : i ∈N} is a weak θ -refinement of U .
Lemma 6. If F is a closed subset of X, and U is an open family of X, such that
1  ord(x,U) < ω, for any x ∈ F , and for each U ∈ U , U ∈ K , where K satisfies (∗),
then F ∈K .
Proof. Let U = {Uλ: λ < η}, Fn = {x: x ∈ F, ord(x,U)  n}, n ∈ N . Then εn =
{E(λ1, λ2, . . . , λn) | λ1 < λ2 < · · · < λn < η} is a discrete clopen cover of Fn \ Fn−1 by
Lemma 3. If E is a closed subset of X, E ∩ Fn−1 = ∅ and E ∩ (Fn \ Fn−1) 
= ∅, then
E ∩ (Fn \ Fn−1) is the union of the discrete closed family {E ∩ E(λ1, λ2, . . . , λn): λ1 <
λ2 < · · · < λn < η} of X, and E ∩ E(λ1, λ2, . . . , λn) ⊂ Uλi ⊂ Uλi , i  n. Thus E ∩
E(λ1, λ2, . . . , λn) ∈K . If we let s(E)=E ∩E(λ1, . . . , λn), then we may easily see that s
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is a stationary winning strategy of player one in G(K,F). Hence F is a K-like subspace
of X. Thus F ∈K . ✷
Lemma 7. Let F be a closed subset of X, Gi be an open family of X, and F ⊂⋃Gi , i  n
for some n ∈N . If for any U ∈⋃{Gi : i  n}, U ∈K , K satisfies (∗), and for any x ∈ F ,
there is some p, 1 p  n, such that ord(x,Gp) < ω, then F ∈K .
Proof. For any i  n, F ⊂⋃Gi . Denote F im = {x: x ∈ F, ord(x,Gi )  m}. Thus F im is
a closed subset of F . F im ⊂
⋃Gi , and for any x ∈ F im, ord(x,Gi )  m. Thus F im ∈ K by
Lemma 6. F =⋃{F im: m ∈ N, i ∈ N}. Thus F is a closed K-like subspace of X. Then
F ∈K . ✷
Theorem 2. If X is a weak θ -refinableK-scattered space, andK satisfies (∗), then X ∈K .
Proof. (1) If rank(X)= 1, then X is a weak θ -refinable locally K space. Thus for any x ∈
X, there is an open set Vx of X, such that x ∈ Vx and Vx ∈K . Then V = {Vx : x ∈X} is an
open cover of X. So V has a weak θ -refinement G =⋃{Gi : i ∈N}. Let Gi =⋃Gi . Then
G′ = {Gi : i ∈N} is a point finite open cover of X. Denote Fn = {x: x ∈X, ord(x,G′)
n}. Then Fn is a closed subset of X, and Fn \Fn−1 =⋃ εn, εn = {E(k1, k2, . . . , kn): k1 <
k2 < · · ·< kn, ki ∈N, i  n} is a discrete clopen family of Fn \Fn−1.
Let E be a closed subset of X, E ∩ Fn−1 = ∅ and E ∩ (Fn \ Fn−1) 
= ∅. Then
E ∩ (Fn \ Fn−1) =⋃{E ∩ E(k1, k2, . . . , kn): k1 < k2 < · · · < kn, ki ∈ N, i  n}. Thus
{E ∩E(k1, k2, . . . , kn): k1 < k2 < · · ·< kn, ki ∈ N, i  n} is a discrete closed family of
X, and E ∩E(k1, k2, . . . , kn)⊂⋃Gki , i  n. So for any x ∈E ∩E(k1, k2, . . . , kn), there
is some p, 1 p  n, such that 1 ord(x,Gkp ) < ω. For each i  n, and for any G ∈ Gki ,
G⊂ Vx for some x ∈X, then G ∈K . Thus E ∩E(k1, k2, . . . , kn) ∈K by Lemma 7. Then
E ∈K . Thus X is a K-like space, hence X ∈K .
Suppose we have proved the case of rank(X) < γ . Now we prove the case of rank(X)=
γ .
(2) If γ = α + 1, then X(α) is a weak θ -refinable locally K closed subspace of X. So
X(α) ∈K by (1). For any F ∈ 2X, if F ∩X(α) = ∅. Then rank(F ) α < γ . Then F ∈K
by induction. Thus X is a K-like space. So X ∈K .
(3) If γ is a limit ordinal, then for any x ∈ X, there is an open set Vx of X, such that
x ∈ Vx ⊂ Vx ⊂ X \ X(β) for some β < γ . Thus rank(Vx) < γ . Then Vx ∈ K . So X is a
weak θ -refinable locally K space, hence X ∈K by (1). ✷
Corollary 2. If X is a weak θ -refinable Dimn-scattered space, then dimX  n.
We know that if X is a compact hereditary disconnected space, then X is strong zero-
dimensionality (cf. [3]). By this conclusion and Theorem 2, we have the following theorem.
Theorem 3. Hereditary disconnectedness, zero-dimensionality and strong zero-dimen-
sional are equivalent in the realm of normal weak θ -refinable C-scattered spaces.
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Proof. From [3] we know that every compact hereditary disconnected space is strongly
zero-dimensional, and every normal strongly zero-dimensional space X has dimX = 0. So
every normal hereditary disconnected C-scattered space is a Dim0-scattered space. Then
X is a normal weak θ -refinable Dim0-scattered space. Thus dimX = 0 by Corollary 2. So
we have proved the theorem. ✷
3. About ultraparacompact-like spaces
Definition 9 [6]. If every open cover of a space X has a pairwise disjoint open refinement,
then X is called an ultraparacompact space.
Lemma 8. If E is a closed ultraparacompact subset of a collectionwise normal space, and
U = {Uα : α ∈Λ} is an open cover of X, then there is an open refinement V = {Vα: α ∈Λ},
and an open set V ⊂X such that E ⊂ V and ord(x,V)= 1 for each x ∈ V .
Proof. U |E = {Uα ∩ E: α ∈Λ} is an open cover of E, so there is a disjoint open (in E)
family F ′, such that E =⋃F ′. For any F ∈ F ′, there is a Uα ∈ U , such that F ⊂ Uα . In
fact, F ′ is a discrete closed family of X. Let Fα =⋃{F : F ∈ F ′, F ⊂ Uα, F 
⊂ Uβ for
β < α}. Then {Fα : α ∈Λ} is a discrete closed family of X and ⋃{Fα : α ∈Λ} =E. Then
there is a disjoint open family V ′ = {V ′α : α ∈Λ}, such that Fα ⊂ V ′α ⊂ Uα, α ∈Λ. Then
E ⊂ V ′, V ′ =⋃V ′. Thus there is an open set V of X, such that F ⊂ V ⊂ V ⊂ V ′. Let
Vα = V ′α ∪ (Uα \V ). Then V = {Vα: α ∈Λ} is an open refinement of U , and ord(x,V)= 1
for x ∈ V . ✷
Lemma 9. If E3, E2 are closed subsets of a collectionwise normal space X, E3 ⊂E2 and
E3 is an ultraparacompact subspace of X, U = {Uα: α ∈Λ} is an open cover of X, then
there is an open refinement V = {Vα : α ∈Λ} and an open set V , such that E3 ⊂ V ∩E2
and ord(x,V)= 1 for x ∈ V ∩E2 and Vα ∩ (X \E2)=Uα \E2 for α ∈Λ.
Proof. Let U ′ = U |E2. Then by Lemma 8, U ′ has an open (open in E2) refinement
V ′ = {V ′α: α ∈ Λ} and an open set V of X, such that E3 ⊂ V ∩ E2 and ord(x,V ′) = 1
for x ∈ V ∩ E2. Let Vα = (Uα \ E2) ∪ V ′α, α ∈ Λ. Then V = {Vα: α ∈ Λ} is an open
refinement of U , and ord(x,V)= 1 for x ∈ V ∩E2. Vα \E2 =Uα \E2, α ∈Λ. ✷
Theorem 4. If X is a collectionwise normal ultraparacompact-like space, then X is
ultraparacompact.
Proof. Let U = {Uα : α ∈ Λ} be an open cover of X. E0 = X. Denote by UP the
class of all ultraparacompact spaces. Let s ∈ I (UP ,X). E1 = s(E0) ∈ UP . Then U has
an open refinement V1 = {U1α : α ∈ Λ}, and an open set V1 of X, such that E1 ⊂ V1,
ord(x,V1) = 1 for any x ∈ V1. Let E2 = X \ V1. Then there is E3 ⊂ E2,E3 ∈ UP ,
E3 = s(E0,E1,E2). By Lemma 9, there is an open refinement V3 of V1, V3 = {U3α : α ∈
Λ}, and an open set V3 of X, such that E3 ⊂ V3, ord(x,V3) = 1 for x ∈ V3 ∩ E2 and
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V 3α \E2 = V 1α \E2. So ord(x,V3)= 1 for x ∈ V1 ∪ V3. Let E4 = E2 \ V3, then the finite
sequence (E0,E1,E2,E3,E4) is admissible for G(UP ,X).
Suppose we have an admissible sequence (E0,E1, . . . ,E2n+1,E2n+2), open cover
V2m+1 = {U2m+1α : α ∈ Λ} of X, and open set V2m+1 of X, 0  m  n, satisfying
E2m+2 = E2m \ V2m+1 for 0  m  n, V2m+1 is a refinement of V2m−1 and U2m+1α \
E2m = U2m−1α \ E2m for 1  m  n, ord(x,V2m+1) = 1 for x ∈
⋃{V2k+1: 0  k 
m}, 0  m  n. E2m+1 = s(E0,E1, . . . ,E2m) for 0  m  n. Then we have E2n+3 =
s(E0,E1, . . . ,E2n+2). E2n+3 ⊂ E2n+2, E2n+3 ∈ UP . By Lemma 9, there is an open
refinement V3 = {U2n+3α : α ∈Λ}, and an open set V2n+3 of X, such that E2n+3 ⊂ V2n+3,
ord(x,V2n+3) = 1 for x ∈ V2n+3 ∩ E2n+2, and U2n+3α \ E2n+2 = U2n+1α \ E2n+2. So we
have ord(x,V2n+3)= 1 for x ∈⋃{V2k+1: 0 k  n+ 1}.
If (E0,E1, . . . ,E2n,E2n+1, . . .) is a play of G(UP ,X), and s(E0, . . . ,E2n)= E2n+1,
E2n+2 =E2n\V2n+1, n ∈N , then we have⋂{E2n: n ∈ ω} = ∅, so⋃{V2n+1: n ∈ ω} =X.
V2n+3 is an open refinement of V2n+1 for n ∈ ω, and U2n+3α \ E2n+2 = U2n+1α \ E2n+2,
n 0. V2n+1 = {U2n+1α : α ∈Λ}, ord(x,V2n+1)= 1 for x ∈
⋃{V2k+1: 0 k  n}.
Let V = {⋂{U2n+1α : n  0}: α ∈ Λ}. For any x ∈ X, let j be the smallest number,
such that x ∈ V2j+1, x /∈ V2m+1, for m< j . So x ∈ V2j+1 ∩ E2j . V2j+1 is a cover of X,
and ord(x,V2j+1) = 1, for any x ∈⋃{V2k+1: 0  k  j }. So there is only one α ∈ Λ,
such that x ∈ U2j+1α . So x ∈ U2m+1α for m j . Then x ∈
⋂{U2n+1α : n  0}. Thus V is a
refinement of U .
Now we prove that
⋂{U2n+1α : n  0} is an open set of X for each α ∈ Λ. For
any x ∈ ⋂{U2n+1α : n  0}. Let j be the smallest number, such that x ∈ V2j+1. Then
x ∈ V2j+1 ∩ E2j . So there is only one α ∈ Λ, such that x ∈ U2j+1α . For any n > j ,
U2n+1α ∩ V2j+1 =U2j+1α ∩ V2j+1. Thus x ∈ V2j+1 ∩U2j+1α ⊂
⋂{U2n+1α : n ∈ ω}.
Thus
⋂{U2n+1α : n ∈ ω} is an open set of X. So V is an open refinement of X, and
ord(x,V)= 1 for x ∈X. Thus X is ultraparacompact. ✷
We know that 1-like spaces are Lindelöf spaces, so we have the following corollaries.
Corollary 3. If X is 1-like space, then X is an ultraparacompact space.
A countable space is a 1-like space.
Corollary 4. A countable space is ultraparacompact.
Corollary 5. Let X be a paracompact T2 space, if X is UP -scattered, then X is an
ultraparacompact space.
Proof. We know that a paracompact T2 space is a collectionwise normal space, a
paracompact K-scattered space is a DK-like space, thus X is a collectionwise normal
UP -like space. Thus X is an ultraparacompact space by Theorem 4. ✷
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